Homework 2 Sample Solutions
provided by Kenneth Co

Extra Exercise 1. (a) Show that the following decomposition cannot hold

x3+10x2+3x+36_ A +Bx+C
(x—1D)(22+4)2 -1 (22+4)2

for constants A, B, and C.

(b) Show that the following decomposition cannot hold
Sx — 7 A B C

(x—1)3_:v—1+;1:—1+x—1

for constants A, B, and C.

Solution.

(a) Notice that when we add the right-hand side using their least common denominator,
their sum will not have the term z?® in the numerator.
A N Br+C = A(x*+4)° (Bx +C)(x — 1)
r—1 (22442 (z—-1D(22+4)2  (z—1)(22 +4)2
B A$4+8Ax2+16A+Bx2+C:c—Ba:—C
(= 1) (22 +4)? (x —1)(x? +4)?

So for the following decomposition

® +102* + 32436 A L BetC
(x—1D)(22+4)2  x—1 (22+4)2

to hold, we must have the following equality
2® +102” + 3z + 36 = Az* + 8422 + 164+ Ba® + Cx — Bz — C.

However, the left-hand side has 2% with a coefficient of one, whereas the right-hand side
has 3 with a coefficient of zero regardless of the constants A, B, and C. Thus, the
decomposition cannot hold.



(b) Suppose the given decomposition is true for some constants A, B, and C. We will now
look for a contradiction.
Sv—7 A n B n C
(z—13 2-1 2-1 x-1
Az —-1)° N B(x —1)* C(x —1)?
(@1 (@1 (-1

(z—1)
:(A+B+C)m
_ (A+B+C)2*-2(A+B+C)z+(A+B+0)
N (z — 1)

This tells us that A+ B+C =0, 2(A+ B+ C) =5, and A+ B+ C = —7. These clearly
can’t be all true, so we have our contradiction. Thus, the decomposition cannot hold.

]

Exercise 7.2 #36. (a) Use integration by parts to show that

/x”é‘ dr = x"e® — n/x”_le“ dz.

(b) Apply the reduction formula in (a) repeatedly to compute

/x3er dz.

(a) We set u = 2™ and dv = e”. Then, du = nz" 'dr and v = €*. The desired integral
follows from integration by parts.

Solution.

(b) Using (a) several times, we get the following equations.
/1‘36’3 dr = 1’e” — 3 / z?e” dx
= 2%e” — 3(x?e” — 2 / ze® dx)

= 2°e” — 3z%e” + 6(we” — /e“ dx)

= 23e” — 32%e” + 6xe” — 66 + C
= e”(2° — 32° + 62 — 6) + C



Exercise 7.2 #64. Simplify the integrand and then use an appropriate substitution to

evaluate )
sin® x — cos® x
dz.

(sinx — cosx)?

Solution.

dz

/ sin?x — cos? x p / (sinz — cosx)(sinz + cos x)

(sinxz — cosx)? - (sinx — cosx)?

sinx + cos
= ——dx

sinxz — cosx

We make the substitution u = sinz — cosz, to get du = (sinzx + cos x) dr and

; 1
/wdx:/—du:ln\ul+C=1H|Sinx_cosx|+c‘
u

sinx — cosx

Exercise 7.3 #16. Use partial-fraction decomposition to evaluate the integral

1
/km—ng+md”

Solution.
1 A N B
(z—1(x+2) x-1 x+2
Az +2) B(x —1)

(=D +2) (z-1)(z+2)
_ Ar+2A+ Br—-B
(2 =Dz +2)
(A+ B)x+ (2A— B)
(x—=1)(z+2)

This tells us that A+ B = 0 and 2A — B = 1. Solving for their values, we get A = % and
B = —3. Finally, we compute for the integral.

Rl Ere e et

1
:§(1n|x—1\—ln|$+2|)+0

Exercise 7.3 #18. Use partial-fraction decomposition to evaluate the integral

422 —r — 1
/kx+D%x—$dm




Solution.

dp? —x — 1 B A B C
@+ 12@—3) 7-3 z+1 (@+1p
Az +1)? B(x —3)(z+1) C(x —3)

(e +1D2(z-3) (r+1D2(z—-3)  ((z+1)%(z—3)

_AmQ—I—ZAx—i—A—i-sz—QBx—3B+C'x—SC

N (x +1)%(z —3)

(A+ B)z*+ (2A-2B+ C)x+ (A—3B —3C)
(x+1)2(z —3)

This tells us that
A+B=4, 2A-2B+C=-1, and A-3B-3C=-1.

Solving for A, B, C, and D, we get A = B = 2 and C' = —1. Finally, we compute for the

integral.
2 _
/4x mldx:/de—i-/de—/;dx
(x 4+ 1)%(x —3) x—3 z+1 (x 4+ 1)2

1
=2In|z —3|+2lnjz+ 1|+ —+C
rz+1




